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A superconductor irradiated by an ac electric field with frequency Ω is theoretically found to generate a collective precession of Anderson's pseudospins, and hence coherent amplitude oscillation of the order parameter, with a doubled frequency 2Ω through a nonlinear light-matter coupling. We provide a fundamental theory to show that the induced pseudospin precession resonates with the Higgs amplitude mode of the superconductor at 2Ω = 2∆ with 2∆ being the superconducting gap. The resonant precession is accompanied by a divergent enhancement of the third harmonic generation. The resonance width is determined by Higgs mode's lifetime.
PACS numbers: 74.25.N-, 74.40.Gh, 71. 10.Fd Dynamical control of quantum many-body states of matter without destroying quantum coherence is becoming a central challenge in condensed matter physics. While recent developments of ultrafast laser experiments have enabled one to study relaxation dynamics of a quantum system after pulse excitation, an alternative possible direction we can pursue is to look at far-from-equilibrium quantum states that are realized during photoirradiation.
From this viewpoint, superconductivity is an intriguing ground to look for a novel optical control. A superconducting state can be described in terms of Anderson's pseudospins [1] . A collective precession of the pseudospins represents a Higgs amplitude mode [2] [3] [4] . Namely, the amplitude of the superconducting order parameter coherently oscillates with a frequency 2∆ (the superconducting gap), which has been experimentally observed by Raman [5, 6] and THz pump-probe spectroscopies [7] . A natural question then is whether one can manipulate the dynamics of the pseudospins as one does for real spins by applying a magnetic field. Usually, however, it has been supposed difficult to photo-control the pseudospins, since the pseudospins do not directly couple to electromagnetic fields (in the linear-response regime).
In this Letter, we theoretically show that, if we go over to a nonlinear regime, an ac electric field with frequency Ω does indeed generate a collective precession of Anderson's pseudospins with frequency 2Ω through the nonlinear lightmatter coupling, which results in a 2Ω amplitude oscillation of the superconducting order parameter. We find that a resonance between the induced pseudospin precession and the Higgs mode emerges when 2Ω = 2∆. This is remarkable, since it takes place not with Ω = 2∆ but with Ω well below 2∆ (subgap regime), where quasiparticle excitations are suppressed. We may call the phenomenon Anderson pseudospin resonance (APR). APR may seem analogous to the nuclear magnetic resonance (NMR) or electron spin resonance (ESR), but APR is distinct in that the effect is essentially a collective phenomenon as a resonance to the Higgs amplitude mode. We show that APR can be detected by a divergent enhancement of the third-order nonlinear optical response (third harmonic generation). APR has been experimentally observed very recently by a THz laser experiment [8] .
We start from the pairing Hamiltonian for an s-wave superconductor coupled to a dynamical electric field,
where ǫ k is the band dispersion measured from Fermi energy ǫ F , e the elementary charge, A(t) = A sin Ωt the vector potential for the ac electric field E(t) introduced by Peierls substitution (in the temporal gauge), c
kσ the annihilation (creation) operator for electrons, and −U(< 0) is the attractive pairing interaction. We consider a superconducting material of a thin film, into which the electric field can penetrate. For H pair (1), the BCS mean-field description becomes exact. We define the superconducting gap function
that serves as the order parameter in the BCS theory. We can replace the momentum sum with an integral D(ǫ F ) ωD −ωD dǫ with D(ǫ F ) the density of states at Fermi energy and ω D the Debye frequency of the bosonic pairing glue (e.g., phonons). The interaction strength is characterized by a dimensionless λ = UD(ǫ F ). In the following we set ℏ = 1.
Anderson's pseudospin [1] is defined by
where
t is the Nambu spinor, and τ = (τ x , τ y , τ z ) are the Pauli matrices. The pseudospin satisfies the usual commutation relations for angular momentum,
With this, the pairing Hamiltonian (1) is recast in a form,
which can be seen as a spin system in an effective magnetic field,
The z component of b k represents the light-matter coupling involving contributions from both the particle and hole sectors. Since b k is a function even in A(t) if the system is parity symmetric (ǫ −k = ǫ k ), we can readily recognize that the linear response vanishes, and the leading effect of the electric field starts from O(
To describe the dynamics, one cannot use the conventional Ginzburg-Landau equation, which is valid only when the time scale of the order-parameter motion is much longer than that of quasiparticle relaxations. Instead, the time evolution is determined by the Bloch equation for the pseudospins, [9] [10] [11] ,
We analytically solve Eq. (6) up to the leading (second) order in A(t). This is achieved by linearizing Eq. (6) with the time-independent and time-dependent parts separated as σ k (t) = σ k (0) + δσ k (t) and ∆(t) = ∆ + δ∆(t). We assume that the initial state is superconducting at zero temperature. Without loss of generality, the initial ∆ is taken to be real positive. Thus the initial condition reads σ
The linearized equations of motion are
Note that ∂ t (∆δσ
From this, along with the initial condition δσ k (0) = 0, it turns out that the relation ∆δσ 
n . With this, we can define a series expansion,
F )], etc. Since the α 0 term just gives a trivial phase exp(iα 0 e 2 t 0 dt A(t) 2 ) to ∆(t) which can be gauged out, the α 1 term provides the leading contribution around the Fermi surface (ω D ≪ ǫ F ). For anisotropic band structures, the same expansion is still sometimes possible. For instance, the d dimensional cubic lattice (with cosine bands
Thus, in most cases of our interest we arrive at
where A = |A| and
In the above, we have replaced the range of integration from ωD −ωD to ∞ −∞ , which is allowed in the BCS regime (ω D ≫ ∆). F(s) can be analytically continued on the complex plane, where branch cuts B ± (δ) = {±2i∆ ± ire ±iδ |r ∈ [0, ∞)} with δ a small but nonzero number are introduced (Fig. 1) .
To obtain δ∆(t) by inverse Laplace transformation, we need to evaluate a Bromwich integral,
where γ ∈ R is taken to be larger than any of the real parts of the poles in the integrand. There are three poles s = 0, ±2iΩ of the first order and two branching points s = ±2i∆ (Fig. 1) in the integrand, where s = ±2i∆ correspond to the Higgs amplitude mode, while s = ±2iΩ to the forced precession of the Anderson pseudospins driven by the electric field. As one changes Ω, the poles merge with the branching points at 2Ω = 2∆, which causes a resonance between the forced pseudospin precession and the Higgs mode.
To make it more explicit, we evaluate the integral (13) by taking the contour as depicted in Fig. 1 , which surrounds the three poles but avoids the branch cuts. This kind of contour is often used to calculate similar integrals (see, e.g., Ref. [9] ). We take δ > 0 such that the contours along the branch cuts B ± (δ) do not overlap with the poles s = ±2iΩ when Ω > ∆. Since the contributions from infinity vanish, we are left with the residues of the poles and the line integrals (C ± in Fig. 1 and their Hermite conjugates) along the branch cut. The asymptotic behavior of the integrals C ± for t → ∞ is evaluated by the saddle-point method. Finally we end up with long-time asymptotic forms of the order parameter,
where ϕ is the phase shift given by
The first term in Eq. (14) can be interpreted as the Higgs amplitude mode induced by an effective change of the interaction parameter due to the ac field, U → U eff = (1− 1 2 α 1 e 2 A 2 )U [12] . Indeed, it approaches the result for the interactionquench problem [13, 14] in the limit of Ω → ∞. The Higgs mode is amplified by the ac electric field around 2Ω = 2∆. The term decays algebraically as t −1/2 [9] , which suggests that the Higgs mode has an infinite lifetime within the BCS approximation. In the long-time limit, the constant term and the term oscillating with frequency 2Ω survive. The constant term is proportional to α 1 (1 − λ −1 ), which implies, interestingly, that we can attain an amplification of superconductivity on time average when this term is positive. The 2Ω oscillation term represents the APR. If we write the last term in Eq. (14) as 1 4λ A cos(2Ωt − ϕ), the amplitude A and the phase shift ϕ are universal functions that depend only on the ratio 2Ω/2∆ (Fig. 2) . The amplitude A diverges as |2Ω − 2∆| −1/2 at 2Ω = 2∆ (resonance condition). An anomaly is also found in the phase shift ϕ: for 2Ω < 2∆, ϕ is rocked to zero, i.e., the 2Ω oscillation of the order parameter is in-phase with E(t) 2 . As soon as 2Ω exceeds 2∆, ϕ discontinuously jumps to π/2 and starts to drift (Fig. 2) . Along with the order-parameter oscillation, the pseudospin itself continues to precess around the axis parallel to σ k (0), with two mode of frequencies ω k and 2Ω surviving in t → ∞ (the former of which dephases). By numerically simulating Eq. (6), we can also confirm that APR generally occurs for finite-temperature initial states and for pulsed electric fields that contain enough number of oscillation cycles.
APR appears in various physical quantities. What is readily accessible experimentally is the electric current j = e k,σ v k−e A(t) c † kσ c kσ [v k = ∇ k ǫ k is the group velocity]. The current is expressed in the pseudospin notation as j = e k (v k−e A(t) −v k+e A(t) )σ If we expand it in A(t), the linear response is given by
kσ c kσ , which is irrelevant to APR. In fact, the linear-response optical conductivity does not show any divergence for Ω 0 [15] . The leading term that reflects the change of the order parameter is the third-harmonic generation (THG), j (3) (t) = −2α 1 e 2 ∆U −1 δ∆(t) A(t), where we have used ǫ k δσ z k = ∆δσ x k . The consequence is notable: although the frequency Ω is below the energy gap, we do obtain the colossal nonlinear response due to divergence of δ∆(t). It may be used as an efficient THz harmonic emitter.
So far, the argument has been based on the pairing Hamiltonian (1), which has the long-range interaction in real space. For more realistic models of superconductivity with shortrange interactions, the analysis above is considered to be a static mean-field approximation, whose validity is resticted to the weak-coupling regime. Furthermore, the equation of motion (6) does not involve thermalization processes, which correspond to changes in the pseudospin length |σ k | due to correlation effects. Thus let us go over to the static mean field by considering the attractive Hubbard model driven by the ac field,
where i labels the lattice sites. We take, as an example, a simple dispersion ǫ k = −2 cos k with the bandwidth W = 4 and α 1 = −1. We calculate the time evolution by means of the nonequilibrium dynamical mean-field theory (DMFT) [16, 17] , which is extended here to the Nambu formalism for treating superconductors. For an impurity solver, we employ the third-order perturbation theory [18] , which is supposed to be reliable in the region U < W. The system is set at half filling with U = 3.5, which belongs to a strong coupling regime (2∆ T =0 /T c ≈ 5.0 well above the BCS value). The time evolution of the local superconducting order parameter, Φ(t) = c † ↑ c † ↓ , for various initial temperatures (β −1 ) is shown in Fig. 3 . With increased total energy due to the continuous excitation, the overall value of the order parameter gradually decreases. On top of that, the coherent oscillation of the order parameter with frequency 2Ω is generated (compare it to E(t) 2 , displayed in Fig. 3 ). The oscillation is particularly enhanced around β = 6.5, and becomes invisible for β = 9.0. The phase-shift anomaly is not clearly observed in this interaction regime. We evaluate the energy gap 2∆ in equilibrium from the single-particle spectral function A(ω), which is cal- culated by Fourier transformation of the real-time simulation.
If we measure the amplitude of the 2Ω oscillation of the order parameter, δΦ, at the third cycle, we can clearly see in the inset of Fig. 4 that a resonance peak indeed emerges at 2Ω = 2∆ (the error bars are due to inaccuracy in measuring ∆). The peak position corresponds to β ≈ 6.4. The result indicates that APR indeed exists beyond the static mean-field level. However, we notice a deviation from the BCS result, i.e., the resonance has a finite width (the inset of Fig. 4 ). There are several factors that determine the resonance width. Besides extrinsic experimental factors such as the limited measurement time scale or energy dissipation to external environment (which is absent in our calculations), one intrinsic factor is the finite lifetime τ of the Higgs amplitude mode, which can decay into individual excitations [note that Higgs does not decay into the Nambu-Goldstone (NG) mode in charged superconductors, since the energy of NG mode is lifted to the plasma frequency, at least away from the critical regime near T = T c ]. If the Higgs mode decays exponentially, the poles s = ±2i∆ acquire a real part on the complex plane (Fig. 1) , and are thus prevented from meeting the branching points ±2iΩ, resulting in broadening of the resonance peak. We can numerically evaluate the decay rate by generating the Higgs mode at β = 6.4 with a small perturbation (here we use an interaction quench [19] ), where Φ(t) is fitted with Φ 0 e −t/τ cos(2∆t + θ) on top of a linear drift (Fig. 4) . A rapid oscillation in the curve comes from a band-edge effect, and is irrelevant to the Higgs mode. From the derived τ, we estimate the resonance width as indicated by the bar in the inset of Fig. 4 , which roughly coincides with the peak width of APR with the background subtracted (Fig. 4) .
To summarize, we theoretically propose a phenomenon that may be called Anderson pseudospin resonance (APR) for a superconductor driven by an ac electric field, which is confirmed by solving the equation of motion analytically within the BCS approximation, and by solving the attractive Hubbard model via the nonequilibrium DMFT. APR provides not only a new pathway of controlling the pseudospins but also a viewpoint in the study of a superconductor in that it offers information about dynamical aspects of the order parameter and the Higgs mode. Open questions include whether APR occurs for other pairing symmetries such as the anisotropic d-wave pairing.
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